Black hole evaporation in Lovelock gravity with diverse dimensions by Xu, Hao & Yung, Man-Hong
ar
X
iv
:1
90
4.
06
50
3v
2 
 [g
r-q
c] 
 30
 M
ay
 20
19
Black hole evaporation in Lovelock gravity with diverse dimensions
Hao Xu∗
Institute for Quantum Science and Engineering, Department of Physics,
Southern University of Science and Technology, Shenzhen 518055, China and
Department of Physics, University of Science and Technology of China, Hefei 230026, China
Man-Hong Yung
Institute for Quantum Science and Engineering and Department of Physics,
Southern University of Science and Technology, Shenzhen 518055, China and
Shenzhen Key Laboratory of Quantum Science and Engineering, Shenzhen, 518055, China
(Dated: May 31, 2019)
We investigate the black hole evaporation process in Lovelock gravity with diverse dimensions.
By selecting the appropriate coefficients, the space-time solutions can possess a unique AdS vacuum
with a fixed cosmological constant Λ = − (d−1)(d−2)
2ℓ2
. The black hole solutions can be divided into
two cases: d > 2k+1 and d = 2k+1. In the case of d > 2k+1, the black hole is in an analogy with
the Schwarzschild AdS black hole, and the life time is bounded by a time of the order of ℓd−2k+1,
which reduces Page’s result on the Einstein gravity in k = 1. In the case of d = 2k + 1, the black
hole resembles the three dimensional black hole. The black hole vacuum corresponds to T = 0, so
the black hole will take infinite time to evaporate away for any initial states, which obeys the third
law of thermodynamics. In the asymptotically flat limit ℓ → ∞, the system reduces to the pure
Lovelock gravity that only possesses the highest k-th order term. For an initial mass M0, the life
time of the black hole is in the order of M
d−2k+1
d−2k−1
0 .
I. INTRODUCTION
In modern gravity theories, the effects of gravitation
are ascribed to space-time curvature instead of a force.
The gravity equations relate the presence of matter and
the curvature of space-time. Black holes, which were first
discovered as a particular class of solutions of the Einstein
gravity and considered as a mathematical curiosity, are
in fact inevitable under quite generic initial conditions
in almost any reasonable gravity theories. Schwarzschild
black hole, according to Birkhoff’s theorem, is the most
general static spherically symmetric vacuum solution of
the Einstein gravity. It also describes the leading asymp-
totic behavior of the geometry for any localized distribu-
tion of matter in perturbation theory.
By applying quantum field theory in curved space-
time, Hawking showed the quantum effects allow black
holes to emit particles, known as Hawking radiation [1, 2].
Insight into the process may be acquired by imagining
particle-antiparticle pair creation near the event horizon.
One of the pair falls into the black hole while the other
escapes. To an outside observer, it would appear that the
black hole has just emitted a particle. Hawking radiation
connects gravity theories and quantum field theory, and
it is expected to shed light on quantum gravity.
If there is no incoming matter to balance the Hawk-
ing radiation, the black hole continues to lose mass and
thermal entropy. For a Schwarzschild black hole with
initial mass M0 in four-dimensional asymptotically flat
space-time in Einstein gravity, we expect it has a life time
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t ∼ M30 , which is divergent when M0 → ∞ [3, 4]. Simi-
lar analysis can also be carried out for a spherical black
hole in AdS space-time, if an absorbing AdS boundary
condition is chosen so that the radiation particles cannot
reflect back [5]. In [6], Page made a counter-intuitive dis-
covery that the life time of black hole in 4-dimensional
AdS space-time does not diverge even when the initial
black hole mass is taken to be infinity. In fact, it is
bounded by a time of the order of ℓ3, where ℓ is the AdS
radius.
On the other hand, higher derivative gravity theories
have attracted a considerable amount of interest as an
alternative theory to Einstein gravity. Partly due to the
AdS/CFT correspondence [7, 8], the higher derivative
terms may serve as the corrections to the large N expan-
sion in the dual conformal field theory, and partly due to
the inconsistency between the prediction of the Einstein
gravity and observation of galactic rotation curves, the
higher derivative gravity, such as conformal (Weyl) grav-
ity, may produce the effective potential consistent with
the observed phenomenon at large scale, without intro-
ducing the unknown dark matter, while maintaining the
correct behaviors at the scale of the Solar system [9–12].
There are also their own inherent defects in higher
derivative gravity theories. The higher powers of curva-
ture could give rise to higher order differential equations
for the metric, which would introduce ghosts and violate
unitarity. However, one of the higher derivative gravity
theories, known as Lovelock gravity [13], could overcome
the problem. Its action contains a sum of dimensionally-
extended Euler densities, so that the integral of the k-th
order term in Lovelock gravity gives the Euler charac-
ter in dimension d = 2k. When d < 2k, the k-th or-
der term vanishes identically, hence, it contributes to the
2space-time solution only in dimensions d ≥ 2k + 1. The
equations of motion, which depend only on the Riemann
tensor and not on its derivatives, remain second order.
In fact, the kinetic term of Einstein-Hilbert action and
cosmological constant are precisely the first-order and
zeroth-order terms respectively. Lovelock gravity arises
as a natural generalization of Einstein gravity, and its
physics properties have been studied in lots of literatures
[14–26].
However, beyond the perturbation theory, the higher
powers of curvature make the Lovelock gravity different
from the Einstein gravity. If the coefficients before the
Euler density terms are chosen arbitrarily, the Lovelock
gravity can have some drawbacks. The dynamical evo-
lution can become unpredictable and the Hamiltonian is
ill defined [27, 28]. The space-time solutions may admit
negative energy solutions with event horizons or positive
energy solutions with naked singularities [29, 30].
These problems can be overcome by selecting the ap-
propriate coefficients, demanding the space-time solu-
tions possess a unique AdS vacuum with a fixed cos-
mological constant [31, 32]. The aim of the present
work is to investigate the black hole evaporation pro-
cess in this situation. We adopt the units of [6], using
~ = c = kBoltzmann = 1.
II. BLACK HOLE THERMODYNAMICS IN
LOVELOCK GRAVITY
We start by giving a brief review of the black hole
thermodynamics in Lovelock gravity. Detailed analysis
including topologically nontrivial AdS asymptotics and
electric charge can be found in [31, 32]. In the present
work we focus on the simplest class of the theory, the
static spherical black hole with unique negative cosmo-
logical constant.
The action of the theory can be written as [13]
Ik = κ
∫ k∑
p=0
ckpL
(p) , (1)
where L(p) represents the p-th order Euler density, and
the integer k, which satisfies 1 ≤ k ≤ [d−12 ], represents
the highest power of curvature in the action. The Love-
lock coefficients ckp are chosen to be [31]
ckp =


ℓ2(p−k)
(d−2p)
(
k
p
)
, p ≤ k
0 . p > k
(2)
The two constant κ and ℓ, are related with the gravi-
tational constant Gk and the negative cosmological con-
stant Λ as
κ =
1
2(d− 2)!Ωd−2Gk , (3)
Λ = − (d− 1)(d− 2)
2ℓ2
. (4)
We can obtain the equations of motion by applying
the variation method on the above action. If we con-
sider d-dimensional static spherical black hole in terms of
Schwarzschild-like coordinates, the metric can be written
as [31]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2d−2, (5)
where
f(r) = 1 +
r2
ℓ2
−
(
2Gk(M + C0)
rd−2k−1
)1/k
. (6)
Here the M stands for the black hole mass and C0 is
a integral constant. The black hole radius r+ satisfies
f(r+) = 0 so the black hole mass M is written as
M(r+) =
rd−2k−1+
2Gk
(
1 +
r2+
ℓ2
)k
− C0. (7)
When the black hole radius r+ shrinks to a point, the
mass M → 0, so we can obtain
C0 =
1
2Gk
δd−2k,1 . (8)
Then the f(r) takes the form
f(r) = 1 +
r2
ℓ2
−
(
2GkM + δd−2k,1
rd−2k−1
)1/k
. (9)
For k = 1, the three dimensional black hole [33] and
Schwarzschild AdS black hole in d-dimensional space-
time can be recovered. One can see that for any value
of k, d = 2k + 1 differs from other higher dimensions.
For d > 2k + 1, the black hole is in an analogy with
the Schwarzschild AdS black hole, which has a continu-
ous mass spectrum, whose vacuum state is the pure AdS
space-time. However, for d = 2k+1 the pure AdS space-
time, which is obtained for M = − 12Gk , differs from the
black hole vacuum M = 0, predicting the existence of a
mass gap separating the pure AdS space-time and black
hole vacuum.
The temperature is proportional to the surface gravity
at the black hole horizon
T =
1
4π
df
dr
∣∣∣∣
r+
=
1
4πk
(
(d− 1)r+
ℓ2
+
(d− 2k − 1)
r+
)
.
(10)
We can also find the case of d = 2k + 1 is qualitatively
different from other choices, since the last term in T van-
ishes when d = 2k + 1. Consequently, the temperature
T vanishes as r+ → 0 when d = 2k+1, while it becomes
divergent as r+ → 0 in higher dimensions.
In the case of d > 2k + 1, the black hole is in an anal-
ogy with the Schwarzschild AdS black hole of Einstein
gravity, which also possesses a Hawking-Page like phase
transition [34]. The temperature T admits a minimum
at
rc = ℓ
√
d− 2k − 1
d− 1 , (11)
3and the corresponding temperature is
Tc =
√
(d− 2k − 1) (d− 1)
2πkℓ
, (12)
while in the case of d = 2k+1, the black hole temperature
T is a monotonically increasing function of r+, and its
absolute minimum is at r+ = 0 and T = 0.
The black hole entropy, which can be obtained by
applying the first law of black hole thermodynamics
dM = TdS (or calculating partition function through
Euclidean path integral in the saddle point approxima-
tion [35]), can be written as
Sk =
2πk
Gk
∫ r+
0
r(d−2k−1)
(
1 +
r2
ℓ2
)k−1
dr. (13)
For the Einstein grivity (k = 1) in d = 4, we have
S =
πr2+
G
=
A
4G
, (14)
which obeys the celebrated Hawking’s area law.
Another thing that should be noticed is the asymptot-
ically flat limit ℓ → ∞. Here we can not simply take
the vanishing limit of the zeroth-order term ck0 → 0. The
asymptotically flat limit can only be obtained by setting
ℓ → ∞ [31], then the only non-vanishing term in the
equation of motion is the k-th one, and the correspond-
ing Lovelock coefficients read
ckp =
1
(d− 2k)δ
k
p . (15)
This system is known as pure Lovelock gravity. We can
have the form of f(r) in the black hole metric as
f(r) = 1−
(
2GkM
rd−2k−1
)1/k
, (16)
where d > 2k + 1. The case of d = 2k + 1 does not
describe black holes. We can also calculate the black
hole temperature T and entropy S, which read
T =
1
4πκBk
(d− 2k − 1)
r+
, (17)
and
Sk = k
2π
Gk
r
(d−2k)
+
(d− 2k) . (18)
When k = 1, the solution reduces to the Schwarzschild
black hole and f(r) has the falloff at large r characteris-
tic of asymptotically flat boundary conditions. The black
hole temperature and entropy in Schwarzschild space-
time can also be recovered.
III. BLACK HOLE EVAPORATION IN
LOVELOCK GRAVITY
In this section we investigate the black hole evapora-
tion in Lovelock gravity. The black hole mass M should
be monotonically-decreasing functions of time. By apply
the geometrical optics approximation, which assumes the
emitted massless quanta move along null geodesics [6], we
calculate the life time of the black hole and investigate
its relationship with other coefficients. If we orient the
extra (d−3) angular coordinates in dΩ2d−2 and normalize
the affine parameter λ, we have the geodesic equation of
the massless quanta reads
(
dr
dλ
)2
= E2 − J2 f(r)
r2
, (19)
where E = f(r) dtdλ and J = r
2 dθ
dλ are the energy and
angular momentum respectively. If the null geodesic of
a emitted quanta comes from the black hole horizon, it
cannot be detected by the observer on the AdS boundary
when there is a turning point r0 (r+ < r0 <∞) satisfying(
dr
dλ
)2|r0 = 0. If we define b ≡ JE , the massless quanta
can reach infinity and be observed if and only if
1
b2
≥ f(r)
r2
(20)
for any r ≥ r+.
Then our job is to find the maximal value of f(r)r2 , which
depends on the exact form of f(r). It may correspond
to an unstable photon orbit rp, and the impact factor
bc =
rp√
f(rp)
, such as in the spherical AdS black hole case
[6]. Or it may be monotonically increasing function and
approaches 1ℓ2 , so the impact factor bc = ℓ, such as in the
flat AdS black hole case [36].
Once we obtained the impact factor, according to the
Stefan-Boltzmann law, we conclude that in d-dimensional
space-time, the Hawking emission power (luminosity) is
dM
dt
= −Cbd−2c T d. (21)
The above formula is the generalization of the four-
dimensional Stefan-Boltzmann law in d-dimensional
space-time [37–39], which implies the emission power
should be proportional to the (d − 2)-dimensional cross
section and the photon energy density in (d − 1)-
dimensional space. We can have the photon energy den-
sity in (d−1)-dimensional space is proportional to T d by
integrating the spectral energy density, and bd−2c corre-
sponds to the cross section of d-dimensional non-rotating
black hole [40]. Since we are only concerned about the
qualitative features of the evaporation process, we shall
treat the numerical constant C equal to one. Further-
more, we also set gravitational constant Gk = 1, meaning
the black hole thermodynamic quantities are described in
unit of Gk, thus we can focus on the black hole evapora-
tion with space-time dimension d, cosmological radius ℓ
4and the highest power of curvature k. We will investigate
them in all different situations.
A. The case of d > 2k + 1
First of all, we consider the case of d > 2k + 1, which
is in an analogy with the well-known Schwarzschild AdS
black hole case. The f(r) takes the form
f(r) = 1 +
r2
ℓ2
−
(
2M
rd−2k−1
)1/k
. (22)
Inserting the above formula into f(r)r2 , we can find it pos-
sesses a maximal value at the photon orbit rp reads
rp =
(
2M
(d− 1
2k
)k) 1d−2k−1
. (23)
When d = 4 and k = 1, we have rp = 3M , which cor-
responds to the case of Schwarzschild AdS black hole in
4 dimensions. The impact factor bc can be obtained as
bc =
rp√
f(rp)
.
Inserting the impact factor bc =
rp√
f(rp)
, black hole
temperature T , and black hole mass M into (21), we can
have the Hawking emission power and thus investigate
the relationship between the evaporation process and ini-
tial mass M0, AdS radius ℓ, highest curvature power k,
and space-time dimension d. However, the exact form of
the equation is rather complicated. We introduce x ≡ r+ℓ ,
then the impact factor bc and temperature can be rear-
ranged and written as
bc = ℓ
x
( (1+x2)(d−1)
2k
) k
d−2k−1
(
1 + x2
( (1+x2)(d−1)
2k
) 2k
d−2k−1 − 2kd−1
) 1
2
, (24)
and
T = ℓ−1
1
4πk
(
(d− 1)x+ d− 2k − 1
x
)
. (25)
Using the exact form of black hole mass M , we also have
dM
dt
= −ℓd−2k−1(1 + x2)k−1
(
d− 2k − 1
2
(1 +
1
x2
) + k
)
× xd−2k+2 d
dt
(
1
x
)
. (26)
Inserting the above three formulas into the Stefan-
Boltzmann law (21), we have
dt = ℓd−2k+1F (x, d, k)d
(
1
x
)
, (27)
where F (x, d, k) is a complicated function that is not
worth quoting. Integrating the above formula from ∞
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FIG. 1. The evolution of the black hole in d = 6 and k = 2.
The initial mass M0 is taken to infinity. From left to right
the curves correspond to ℓ = 0.05, ℓ = 0.075 and ℓ = 0.1
respectively.
to 0, we can find the
∫ 0
∞
F (x, d, k)d
(
1
x
)
is convergent and
depends only on the value of d and k. Thus, We can
conclude that the life time of black hole does not diverge
with any finite ℓ, and it remains bounded by a time of
the order of ℓd−2k+1. When k = 1, we can recover Page’s
result of the Einstein gravity, which states that the total
decay time of arbitrarily large black holes in asymptoti-
cally AdS space-time has the form t ∼ ℓd−1.
In FIG.1 we present some numerical examples of the re-
lationship of black hole mass and time t. Here we choose
d = 6, k = 2, and the initial mass M0 is taken to in-
finity. From left to right the AdS radius ℓ correspond
to ℓ = 0.05, ℓ = 0.075 and ℓ = 0.1 respectively. The
life time of the black hole also does not diverge. Further
analysis shows it remains bounded by a time of the order
of ℓ3 [6].
We also carry out a black hole scan and summarize
all theories with a given dimension d. We directly apply
the numerical method to calculate the life time of the
black hole with divergent initial mass. In TABLE I all
the possible cases up to 11 dimensions, which is conjec-
tured to be the arena for the ultimate unified theory, are
presented. The life time of the black hole is in the or-
der of ℓd−2k+1, which is consistent with the result of the
analytic calculation.
❅
❅k
d
4 5 6 7 8 9 10 11
1 ℓ3 ℓ4 ℓ5 ℓ6 ℓ7 ℓ8 ℓ9 ℓ10
2 - - ℓ3 ℓ4 ℓ5 ℓ6 ℓ7 ℓ8
3 - - - - ℓ3 ℓ4 ℓ5 ℓ6
4 - - - - - - ℓ3 ℓ4
TABLE I. The life time of the black hole with divergent initial
mass in different values of d and k.
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FIG. 2. The evolution of the black hole in d = 5 and k = 2.
From left to right the curves correspond to ℓ = 0.05, ℓ = 0.075
and ℓ = 0.1 respectively.
B. The case of d = 2k + 1
In the case of d = 2k + 1, the f(r) takes the form
f(r) = 1 +
r2
ℓ2
− (2GkM + 1) 1k , (28)
and the black hole temperature reads
T =
r+
2πℓ2
. (29)
We can find f(r)r2 is a monotonically increasing function
and approaches 1ℓ2 as r+ → ∞, thus the impact factor
bc = ℓ. Inserting bc = ℓ, T =
r+
2πℓ2 , and black hole mass
into (21), we have
dt = −kr+
(
1 +
r2+
ℓ2
)k−1(2π
r+
)2k+1
dr+, (30)
Integrating the above formula from any initial black hole
radius to 0, we can find the life time of the black hole
is always divergent. In FIG.2 we present some numerical
examples in d = 5 and k = 2. From left to right the
curves correspond to ℓ = 0.05, ℓ = 0.075 and ℓ = 0.1
respectively. In contrast with the the higher dimensional
cases, when the black hole evaporates, the temperature
also decreases so the evaporation process is increasingly
difficult. Small black holes are stable against the decay
by Hawking radiation. The black hole will take infinite
time to evaporate away, independently from the initial
black hole states. This obeys the third law of black hole
thermodynamics.
There are two things worth highlighting in this case.
The first one is the final state, which corresponds to
M → 0 and T → 0, is not the true vacuum state. The
pure AdS space-time, corresponding to M = − 12Gk , can-
not be reached just by black hole evaporation process.
The second one is the difference from conformal (Weyl)
gravity [41, 42], where a final state with vanishing tem-
perature that cannot be achieved in finite time also exists.
However, in conformal (Weyl) gravity the final state cor-
responds to an extremal black hole with finite size, while
in our case it corresponds to r+ → 0.
C. Asymptotically flat limit (ℓ→∞)
In this case the form of f(r) reads
f(r) = 1−
(
2GkM
rd−2k−1
)1/k
, (31)
and the formula of the photon orbit rp remains the same
with the finite ℓ cases, which is
rp =
(
2M
(d− 1
2k
)k) 1d−2k−1
. (32)
The impact factor bc can be obtained as
bc =
rp√
f(rp)
=
(
d− 1
d− 2k − 1
) 1
2
(
2M
(d− 1
2k
)k) 1d−2k−1
,
(33)
so we have
bc ∼M 1d−2k−1 . (34)
Similarly, the black hole temperature
T =
(d− 2k − 1)
4πκBk
1
r+
∼M− 1d−2k−1 . (35)
Thus, the Hawking emission power
dM
dt
= −Cbd−2c T d ∼ −M−
2
d−2k−1 (36)
Integrating the above formula for initial black hole with
mass M0, we can find the life time of the black hole will
be the order of
t ∼M
d−2k+1
d−2k−1
0 . (37)
In d = 4 and k = 1, we recover the well-known result
t ∼M30 in Einstein gravity.
We present some numerical examples of d = 6 and k =
2 in FIG.3. From bottom to top the curves correspond
to M0 = 0.1, M0 = 0.2, M0 = 0.3 respectively. Using the
above formula we can see the life time of the black hole
satisfies t ∼ M30 , which grows as the cube of the initial
mass.
IV. SUMMARY AND DISCUSSION
In the present work we explore the black hole evapo-
ration process in Lovelock gravity with diverse dimen-
sions. The action of the Lovelock gravity contains a
60 2 4 6 8 10 12 14 t
0.00
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0.20
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0.30
M
FIG. 3. The evolution of the black hole when d = 6 and k = 2
in asymptotically flat limit l → ∞. From bottom to top the
initial black hole mass M0 corresponds to M0 = 0.1,M0 = 0.2
and M0 = 0.3.
sum of dimensionally-extended Euler densities, and the
equations of motion remain second order. By selecting
the appropriate coefficients, the space-time solutions can
possess a unique AdS vacuum with a fixed cosmological
constant. We divide the Lovelock gravity in AdS space-
time into two cases: d > 2k + 1 and d = 2k + 1. In
the case of d > 2k + 1, the black hole is in an analogy
with the Schwarzschild AdS black hole. The life time
of black hole does not diverge with any finite l, and it
remains bounded by a time of the order of ld−2k+1. We
can recover Page’s result on the Einstein gravity in k = 1.
In the case of d = 2k + 1, the black hole resembles the
three dimensional black hole. The space-time solutions
predict the existence of a mass gap separating the pure
AdS space-time and black hole vacuum. The black hole
vacuum corresponds to T = 0, so the black hole will take
infinite time to evaporate away, independently from the
initial states, which obeys the third law of black hole
thermodynamics. We also consider the asymptotically
flat limit by taking l→∞. The only non-vanishing term
in the equation of motion is the k-th one, and the black
hole solutions only exist in d > 2k + 1. For an initial
mass M0, the life time of the black hole is in the order of
t ∼M
d−2k+1
d−2k−1
0 .
Similar analysis may also be extended to Lovelock
black holes with electric charge, rotation, and topolog-
ically nontrivial AdS asymptotics. In the present work
we only consider the asymptotically AdS and flat space-
time, while physics in de Sitter space-time has remained
so far open problems [43]. It would be interesting to
investigate black hole evaporation process in de Sitter
space-time (see, e.g. [44, 45]). Furthermore, we apply the
geometrical optics approximation and assume the emit-
ted massless quanta move along null geodesics. However,
to get a precise lifetime one has to compute the grey
body factors of all the particles [46–63]. On the other
hand, near the end of the evaporation, effective field the-
ory starts to fail, and quantum gravity effect may stop
the evaporation, leaving a black hole “remnant” [64–67].
We hope to be able to consider these questions in our
future work.
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